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CLOSED MANIFOLDS ADMITTING NO SPECIAL GENERIC
MAP WHOSE CODIMENSION IS NEGATIVE AND THEIR
COHOMOLOGY RINGS
NAOKI KITAZAWA
Abstract. Special generic maps are higher dimensional versions of Morse
functions with exactly two singular points, characterizing spheres topologically
except 4-dimensional cases: in these cases standard spheres are characterized.
Canonical projections of unit spheres are special generic. In suitable cases, it is
easy to construct special generic maps on manifolds represented as connected
sums of products of spheres for example. It is an interesting fact that these
maps restrict the topologies and the differentiable structures admitting them
strictly in various cases. For example, exotic spheres, which are not diffeomor-
phic to standard spheres, admit no special generic map into some Euclidean
spaces in considerable cases.
In general, it is difficult to find (families of) manifolds admitting no such
maps of suitable classes. The present paper concerns a new result on this work
where key objects are products of cohomology classes of the manifolds. We can
see that closed symplectic maifolds, real projective spaces, and so on, admit
no special generic map into a connected open manifold in considerable cases
for example.
1. Introduction.
Special generic maps are higher dimensional versions of Morse functions with ex-
actly two singular points, characterizing spheres topologically except 4-dimensional
cases: in these cases standard spheres are characterized as smooth manifolds. They
have been attractive objects in understanding topologies and differentiable struc-
tures of manifolds in geometric ways, which is a fundamental and important study
in geometry of manifolds.
1.1. Notation on differentiable maps and bundles. Throughout the present
paper, manifolds and maps between manifolds are smooth (of class C∞). Diffeo-
morphisms on manifolds are always assumed to be smooth. The diffeomorphism
group of a manifold is the group of all diffeomorphisms on the manifold. The struc-
ture groups of bundles whose fibers are manifolds are assumed to be subgroups of
the diffeomorphism groups or the bundles are smooth unless otherwise stated.
A linear bundle is a smooth bundle whose fiber is regarded as a unit sphere or a
unit disc in a Euclidean space and whose structure group acts linearly in a canonical
way on the fiber.
A singular point p ∈ X of a smooth map c : X → Y is a point at which the
rank of the differential dc is smaller than both the dimensions dimX and dim Y .
Key words and phrases. Singularities of differentiable maps; fold maps and special generic
maps. Cohomology classes. Higher dimensional closed and simply-connected manifolds.
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We call the set S(c) of all singular points the singular set of c. We call c(S(c)) the
singular value set of c. We call Y − c(S(c)) the regular value set of c. A singular
(regular) value is a point in the singular (resp. regular) value set of the map.
1.2. The definition of a special generic map, the topologies and the differ-
entiable structures of manifolds admitting special generic maps, mean-
ings in algebraic topology and differential topology of manifolds and the
main theorem. Letm > n ≥ 1 be integers. A smooth map from anm-dimensional
smooth manifold with no boundary into an n-dimensional smooth manifold with
no boundary is said to be a special generic map if at each singular point p, the map
is represented as
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m∑
k=n
xk
2)
for suitable coordinates. The restriction map to the singular set is an immersion.
We can define for the cases m = n. However, we concentrate on cases where
m > n hold.
We can define fold maps as higher dimensional versions of Morse functions sim-
ilarly. See [7] for introductory and systematic explanations for example.
An exotic homotopy sphere is a homotopy sphere which is not diffeomorphic to
any standard sphere. [19] is the first article on exotic homotopy spheres and [10]
and so on are also on these homotopy spheres.
Canonical projections of unit spheres are special generic. Every homotopy sphere
of dimension > 2 except 4-dimensional exotic homotopy spheres, which are still
undiscovered, admits a special generic map into the plane whose restriction to the
singular set is an embedding and whose singular value set is an embedded circle
([22]). For integers m > n ≥ 1, on an m-dimensional manifold represented as a
connected sum of manifolds represented as products of two standard spheres such
that the dimension of either of the two sphere for each manifold is smaller than n,
we can obtain a special generic map into Rn (we will present in Example 1). We
introduce interesting facts from the viewpoint of differential topology in [22], [23],
[24], [25] and [28] for example. As studies before these recent ones, [2], [3], [6] and
so on, and [26], [27], and so on, are also related important studies.
Theorem 1 ([3], [22] and [23]). Exotic homotopy spheres of dimension m > 3 do
not admit special generic maps into Rm−3, Rm−2 and Rm−1.
Theorem 2 ([28]). 7-dimensional oriented homotopy spheres of 14 types of all the
28 types do not admit special generic maps into R3.
[5] is, for example, on classical theory of 7-dimensional homotopy spheres other
than [19].
Theorem 3 ([22]). Closed and connected manifolds represented as connected sums
of the following manifolds are characterized as manifolds admitting special generic
maps into the plane.
(1) A homotopy sphere of dimension > 2 which is not a 4-dimensional exotic
homotopy sphere.
(2) The total space of a bundle whose fiber is a homotopy sphere not being a
4-dimensional exotic homotopy sphere over the circle.
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Theorem 4 ([22] and [24]). For an integer 3 ≤ m ≤ 5, closed manifolds represented
as connected sums of the following manifolds are characterized as closed manifolds
having free fundamental groups and admitting special generic maps into R3.
(1) The standard sphere of dimension m.
(2) The total space of a bundle whose fiber is diffeomorphic to Sm−2 over S2.
(3) The total space of a bundle whose fiber is diffeomorphic to Sm−1 over S1.
For an integerm = 6, 7, closed and simply-connected manifolds admitting special
generic maps into R3 are represented as connected sums of the following manifolds.
(1) Homotopy spheres admitting special generic maps into R3.
(2) The total space of a bundle whose fiber is diffeomorphic to a homotopy
sphere of dimension m− 2 over S2.
For this, see also [25]. As another study, in [20], Nishioka completely solved
the so-called existence problem of special generic maps into Euclidean spaces on 5-
dimensional closed and simply-connected manifolds, which are completely classified
in [1]. He has shown that such manifolds admitting special generic maps into Rn
for some integer 1 ≤ n ≤ 4 are characterized as manifolds represented as connected
sums of total spaces of bundles whose fibers are diffeomorphic to S3 over S2. Note
also that in [11] and [12], it is shown that round fold maps of suitable classes restrict
the topologies and the differentiable structures of manifolds admitting these maps:
a round fold map is a fold map such that the restriction to the singular set is an
embedding and that the singular value set is concentric spheres, introduced and
systematically studied by the author in [11], [12] and [13] for example.
In general, it is difficult to find (families of) manifolds admitting no special
generic maps of suitable classes in general. As a related small proposition, the
author has proved in [14], [15] and so on first, for example, that the product of
given suitable two cohomology classes of a manifold admitting a special generic
map into the Euclidean space of a fixed dimension vanishes.
The present paper concerns a kind of advanced and systematic studies on coho-
mology rings of manifolds admitting special generic maps and ones admitting no
special generic map.
Main Theorem 1. Let M be a closed manifold of dimension m > 1 and 1 ≤ n < m
and k > 0 be integers. Let A be a principal ideal domain (having a unique identity
element which is not the zero element). If there exists a sequence {aj}
k
j=1 ⊂
H∗(M ;A) of cohomology classes such that the product
∏k
j=1ak does not vanish,
that the degree of each class is smaller than or equal to m− n and that the sum of
the degrees are greater than or equal to n, then M admits no special generic map
into a connected open manifold N of dimension n.
For example we have the following corollary.
Main Corollary 1. Let m > 1 be an integer. An m-dimensioal manifold whose
cohomology ring is isomorphic to that of the m-dimensional real projective space
admits no special generic map into a connected open manifold N of dimension n
for 1 ≤ n ≤ m− 1 where the coefficient ring is Z/2Z.
The definition of a c-symplectic manifold is explained in the last section and we
present another corollary.
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Main Corollary 2. A closed c-symplectic manifold M of dimension m = 2k > 0
admits no special generic map into a connected manifold N of dimension n < 2k−1
which is not closed.
Furthermore, as a related study, in [15], the author has proved the vanishing of
the triple Massey product for a triplet of cohomology classes of a manifold admitting
a special generic map of a suitable class for which we can define the triple Massey
product. However, we do not discuss this in the present paper. See [16] for Massey
products for example.
Another main theorem is as the following. We present undefined several termi-
nologies and notions in the last section. This is a theorem on Euclidean spaces into
which given manifolds admit speciaql generic maps.
Main Theorem 2. Let A be a principal ideal domain (having a unique identity
element which is not the zero element).
(1) LetM1 andM2 be closed and connected manifolds of dimensionm > 2. Let
n0 be an integer larger than 1 and smaller than m. If M1 and M2 satisfy
the conditions Sp≥n0 and CohPA,m,n0−1, then a manifold represented as a
connected sum of these manifolds also does.
(2) LetM ′ be a closed and connected manifold of dimension m′ > 2 and for an
integer n0
′ larger than 1 and smaller than m′, let M ′ satisfy the conditions
Sp≥n0′ and CohPA,m′,n0′−1. We also assume that the homology group of
M ′ whose coefficient is A is free. Let n0 be a positive integer larger than n0
′
and F be a closed and connected manifold of dimension n0−n0
′ satisfying
the following properties.
(a) There exist a positive integer k and a sequence {aj}
k
j=1 ⊂ H
∗(F ;A)
of cohomology classes such that the product
∏k
j=1ak does not vanish,
that the degree of each class is smaller than or equal to m′ − n0
′ + 1
and that the sum of the degrees is equal to n0 − n0
′.
(b) The homology group of F whose coefficient is A is free.
(c) F can be immersed into Rn0 so that the normal bundle is trivial.
In this situation, M ′ × F satisfies the conditions CohPA,m′+n0−n0′,n0−1
and Sp≥n0 .
1.3. The content of the present paper. The organization of the paper is as
the following. We review structures of special generic maps. In explaining them,
we use the Reeb space of a special generic map, which is defined as the space of all
connected components of preimages. This is regarded as a compact manifold whose
dimension is equal to that of the target space and which we can immerse into the
target space. We also present Example 1 as simplest examples of special generic
maps. The last section is devoted to the main ingredient including Main Theorems.
2. Structures of special generic maps and a simplest example.
For a continuous map c : X → Y between topological spaces, we can define an
equivalence relation ∼c on X by the following rule: p1∼cp2 if and only if p1 and
p2 are in a same connected component of a preimage c
−1(q) (q ∈ Y ). We call the
quotient space Wc := X/∼c the Reeb space of c. We denote the quotient map by
qc : X →Wc. We can define in a unique way a map c¯ satisfying f = c¯ ◦ qc.
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See also [21] (as a classical and important study) for example. In general Reeb
spaces are fundamental and strong tools in investigating manifolds via Morse func-
tions, fold maps and more general good smooth maps.
Proposition 1 ([22] for example). (1) The Reeb space of a special generic map
f : M → N from a closed and connected manifold M of dimension m
into an n-dimensional manifold N with no boundary satisfying m > n is
a smooth manifold of dimension n immersed into N via f¯ : Wf → N
and qf (S(f)) = ∂Wf holds. Furthermore, around the boundary ∂Wf , the
composition of the restriction of qf to the preimage of a small collar neigh-
borhood with a canonical projection to the boundary ∂Wf gives a linear
bundle whose fiber is diffeomorphic to Dm−n+1. Moreover, the composi-
tion of the restriction of qf to the preimage of the complementary set of the
interior of the small collar neighborhood gives a smooth bundle whose fiber
is diffeomorphic to Sm−n: the bundle is linear in the case m − n = 1, 2, 3
for example. Furthermore, in the PL or piecewise smooth category, we can
take a compact manifold W bounded by M and collapsing to Wf and in
the case m−n = 1, 2, 3 for example, we can take W as a smooth manifold.
(2) For any smooth immersion f¯N of a compact and connected manifold N¯
of dimension n > 0 into an n-dimensional manifold N with no boundary
and any integer m > n, there exists a closed and connected manifold M of
dimension m and a special generic map f :M → N satisfyingWf = N¯ and
f¯ = f¯N . If N is orientable, then M can be taken as an orientable manifold.
Example 1. Let M be a closed manifold of dimension m > 1 represented as a con-
nected sum of all manifolds in the family {Skj ×Sm−kj} of finitely many manifolds
satisfying 1 ≤ kj < n where 1 < n < m holds. This admits a special generic map
into Rn such that the restriction to the singular set is an embedding and that the
image is represented as a boundary connected sum of all manifolds in the family
{Skj ×Dn−kj}.
3. The main theorems, their proofs and applications.
The following proposition or essentially (almost) equivalent ones are shown in
[11], [12], [13], [14], [15], [22] and so on.
Proposition 2. In the situation of Proposition 1 (1) (and (2)), assume that N
is connected open and let us denote the inclusion map by i : M → W . For a
suitable PL or piecewise smooth map giving a collapsing r : W → Wf , qf =
r ◦ i holds. Let A be a commutative group. Here, the induced morphisms i∗ :
Hj(M ;A) → Hj(Wf ;A), i
∗ : Hj(Wf ;A) → H
j(M ;A) and i∗ : pij(M) → pij(Wf )
are isomorphisms for 0 ≤ j ≤ m− n.
We explain only the main ingredient of the proof of the statement on the iso-
morphisms.
The main ingredient of the proof of the statement on the isomorphisms. Wf collapses
to an (n−1)-dimensional polyhedron andW is obtained by attaching handles whose
indices are larger than m −m + 1 to M × {1} ⊂ M × [0, 1]: we identify M and
M × {0} via the map iM (x) := (x, 0) and M × [0, 1] is regarded as a small collar
neighborhood (in the category where we discuss). 
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Theorem 5. LetM be a closed manifold of dimensionm > 1 and 1 ≤ n < m and k >
0 be integers. Let A be a principal ideal domain (having a unique identity element
which is not the zero element). If there exists a sequence {aj}
k
j=1 ⊂ H
∗(M ;A) of
cohomology classes such that the product
∏k
j=1ak does not vanish, that the degree
of each class is smaller than or equal to m− n and that the sum of the degrees is
greater than or equal to n, then M admits no special generic map into a connected
open manifold N of dimension n.
Proof. Suppose that M admits a special generic map f : M → N . We abuse
notation in Proposition 2 and apply this proposition. There exists a unique se-
quence {bj}
k
j=1 ⊂ H
∗(W ;A) of cohomology classes satisfying aj = i
∗(bj). We
have
∏k
j=1ak =
∏k
j=1i
∗(bk) = i
∗(
∏k
j=1bk) and this is zero since W collapses to an
(n− 1)-dimensional polyhedron. This contradicts the assumption. This completes
the proof. 
We end the present paper by presenting important examples related to the
present problem.
Example 2. Let m > 1 be an integer. The m-dimensional torus adnits no special
generic map into a connected open manifold N of dimension n for 1 ≤ n ≤ m− 1.
[8] and [18] are studies on manifolds obtained by considering finite iterations of
constructing bundles whose fibers are the circle starting from the circle and some
of this class of manifolds satisfy the assumption of Theorem 5.
Remark 1. By virtue of known algebraic topological and differential topological
theory of special generic maps in the introduction and the previous sections, Propo-
sition 2, and so on, S1 × S1 × S1 × S1 admits no special generic map into R3. If it
admits one, then the fundamental group of the Reeb space, which is diffeomorphic
to a 3-dimensional compact, connected and orientable manifold by Proposition 1,
and that of S1 × S1 × S1 × S1 agree: however, this group is known to be never
isomorphic to any fundamental group of any 3-dimensional compact, connected and
orientable manifold. Theorem 5 produces another explanation on this.
A closed manifold X of dimension 2k where k > 0 is an integer is said to be
c-symplectic if there exists a cohomology class cs ∈ H
2(X ;R) such that cs
k is not
zero. See also [9], [17], and so on.
Corollary 1. A closed c-symplectic manifold M of dimension m = 2k > 0 admits
no special generic map into a connected open manifold N of dimension n < 2k− 1.
[4] and [8], for example, are on algebraic topological and differential topological
studies on some classes of (c-)symplectic closed manifolds. For example, S2×S2 is
regarded as a symplectic manifold and admits a special generic map into R3. On
the other hand, the 2k-dimensional torus is regarded as a symplectic manifold and
admits no special generic map into a connected open manifold N of dimension n
for 1 ≤ n ≤ 2k − 1 by Example 2.
Corollary 2. Let m > 1 be an integer. An m-dimensioal manifold M whose co-
homology ring is isomorphic to that of the m-dimensional real projective space
admits no special generic map into a connected open manifold N of dimension n
for 1 ≤ n ≤ m− 1 where the coefficient ring is Z/2Z.
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Proof. There exists a cohomology class u0 ∈ H
1(M ;Z/2Z) such that u0
m is not
zero. Theorem 5 completes the proof. 
A weaker result with its proof in a different way is announced in [29]. This is on
manifolds homotopy equivalent to the 7-dimensional real projectiive plane.
Definition 1. Let M be a closed manifold of dimension m > 1. Let n0 be a positive
integer smaller than m. M is said to satisfy the condition Sp≥n0 if M admits a
special generic map into Rn for any integer no ≤ n < m.
Example 3. M in Example 1 satisfies the condition Sp≥min{kj+1}j∈J where J de-
notes a finite set and is not empty in the situation of Example 1.
The following notion is introduced motivated by Theorem 5.
Definition 2. Let X be a closed and connected manifold of dimension dimX > 1
and n0 be a positive integer smaller than dimX . Let A be a principal ideal domain
(having a unique identity element which is not the zero element). If there exist a
positive integer k > 0 and a sequence {aj}
k
j=1 ⊂ H
∗(X ;A) of cohomology classes
such that the product
∏k
j=1ak does not vanish, that the degree of each class is
smaller than or equal to dimX − n0 and that the sum of the degrees are greater
than or equal to n0, then X is said to satisfy the condition CohPA,dimX,n0 .
Theorem 6. Let A be a principal ideal domain (having a unique identity element
which is not the zero element).
(1) LetM1 andM2 be closed and connected manifolds of dimensionm > 2. Let
n0 be an integer larger than 1 and smaller than m. If M1 and M2 satisfy
the conditions Sp≥n0 and CohPA,m,n0−1, then a manifold represented as a
connected sum of these manifolds also does.
(2) LetM ′ be a closed and connected manifold of dimension m′ > 2 and for an
integer n0
′ larger than 1 and smaller than m′, let M ′ satisfy the conditions
Sp≥n0′ and CohPA,m′,n0′−1. We also assume that the homology group of
M ′ whose coefficient is A is free. Let n0 be a positive integer larger than n0
′
and F be a closed and connected manifold of dimension n0−n0
′ satisfying
the following properties.
(a) There exist a positive integer k and a sequence {aj}
k
j=1 ⊂ H
∗(F ;A)
of cohomology classes such that the product
∏k
j=1ak does not vanish,
that the degree of each class is smaller than or equal to m′ − n0
′ + 1
and that the sum of the degrees is equal to n0 − n0
′.
(b) The homology group of F whose coefficient is A is free.
(c) F can be immersed into Rn0 so that the normal bundle is trivial.
In this situation, M ′ × F satisfies the conditions CohPA,m′+n0−n0′,n0−1
and Sp≥n0 .
Proof. We prove the the first statement. The condition CohPA,m,n0−1 follows im-
mediately. We can construct a special generic map on a closed manifold represented
as a connected sum of closed and connected manifolds admitting special generic
maps into Rn easily (for any n satisfying 1 ≤ n ≤ m). This is a fundamental
argument in [22] and so on. This completes the proof of the first statement.
We show the second statement. By choosing suitable sequences of cohomology
classes of M ′ and F , we can obtain a sequence of cohomology classes of M ′ × F of
8 NAOKI KITAZAWA
a finite length where the coefficient ring is A such that the degree of each class is
smaller than or equal to m′ − n0
′ + 1 and that the sum of the degrees are greater
than or equal to n0 − n0
′ + n0
′ − 1 = n0 − 1. This completes the proof on the
condition CohPA,m′+n0−n0′,n0−1.
Dn
′
0
+a × F can be immersed into Rn0+a by virtue of the last condition for any
non-negative integer a. M ′ satisfies the condition Sp≥n0′ . So we can take a special
generic map fa on M
′ into Rn0
′
+a for 0 ≤ a < m′ − n0
′. By considering a product
map of such a special generic map (composed with an embedding into the interior
of a copy of the disc Dn
′
0
+a) and the identity map on F and compose the immersion
of Dn
′
0
+a × F gives a special generic map into Rn0
′
+a+n0−n0
′
= Rn0+a.
This completes the proof. 
For example, we can apply Theorem 6 to connected sums and products of closed
and connected manifolds inductively starting from standard spheres respecting con-
ditions on dimensions of the closed and connected manifolds and the Euclidean
spaces, and so on.
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